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Abstract
A simple form of neutrino mass matrix which has only two free parameters is proposed
from a phenomenological point of view. Using this mass matrix, we succeed to reproduce
all the observed values for the MNS lepton mixing angles and the neutrino mass squared
difference ratio. Our model also predicts δν = 155
◦ for the Dirac CP violating phase in the
lepton sector and the effective neutrino mass 〈m〉 = 6.3× 10−3 eV in the neutrinoless double
beta decay.
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The mixing angles of Maki-Nakagawa-Sakata (MNS) lepton mixing matrix [1] [2] and the
neutrino mass squared differences have been experimentally determined from the neutrino os-
cillation experiments. These lepton mixing angles indicate that neutrino flavors mix nearly
maximally unlike quark mixings. On the other hand, the absolute values of the neutrino masses
mi, the Dirac, and the Majorana CP violating phases in the MNS lepton mixing matrix are still
remained undetermined. The origin of nearly maximally mixing are investigated from the point
of neutrino mass matrix structure using a µ − τ symmetry [3] which predicts θ23 = π/4 and
θ13 = 0. The recent finding [4] [5] [6] [7] of a relatively large θ13 forces us to consider its origin
and model extensions.
The rather large θ13 opens the possibility of CP violation also in lepton sector. In this
stage it is suitable to consider a simple model incorporating CP violationg phase. There we
should not be too much constrained by the symmetries of preceding real matrix models like the
µ − τ or the other symmetries. Indeed, neutrino mass matrix in many realistic GUTs does not
match well with such symmetry [8]. In constructing model in this paper, we do not consider
hierarchical structure since hierarchy needs some symmetry to protect it.
In this paper, we propose a simple 2 parameter complex mass matrix for Majorana neu-
trinos. The aim of the present paper is to propose a model minimizing the number of free
parameters as far as possible. Its form is
Mν = kν




−1 1 1
1 1 1
1 1 −1

+


0 0 0
0 A∗i A
0 A A



 . (1)
Here, A is a complex parameter parameterized by two real parameters x and y as follows,
A = x+ yi, (2)
A∗i = y + xi. (3)
Note that A∗i is obtained from A by exchanging the real part with the imaginary part of it.
The neutrino mass matrix (1) consists of two terms. The first term are pseudo democratic mass
matrix, while the second term is also semi democratic only in the second and third generations.
Since we are interested only in the mass ratios and mixings, we neglect the overall constant kν
in the following discussions.
The Majorana neutrino mass matrix Mν is diagonalized as
Mν = U


mν1 0 0
0 mν2 0
0 0 mν3

UT , (4)
where mνi are neutrino masses. We assume that the mass matrix for the charged leptons is
diagonal, so that the U is the MNS lepton mixing matrix itself, which is represented in the
1
standard form,
Ustd = diag(e
iαe
1 , eiα
e
2 , eiα3)U (5)
=


c12c13 s12c13 s13e
−iδν
−s12c23 − c12s13s23e
iδν c12c23 − s12s13s23e
iδν c13s23
s12s23 − c12s13c23e
iδν −c12s23 − s12s13c23e
iδν c13c23




1 0 0
0 eiβ 0
0 0 eiγ

 .
Here, eiα
e
i comes from the rephasing in the charged lepton fields to make the choice of phase
convention, and cij = cos θij and sij = sin θij with θij being lepton mixing angles. The δν is the
Dirac CP violating phase and β and γ are the Majorana CP violating phases.
In the mass matrix model given in (1), the MNS mixing parameters (sin2 2θ12, sin
2 2θ23,
and sin2 2θ13) and the neutrino mass squared difference ratio (Rν ≡ ∆m
2
21/∆m
2
32) are functions
of only two free parameters x and y. On the other hand, the observed values of the MNS mixing
parameters and Rν are [9]
sin2 2θ12 = 0.857 ± 0.024,
sin2 2θ13 = 0.095 ± 0.010,
sin2 2θ23 > 0.95,
(6)
Rν ≡
∆m221
∆m2
32
=
m2ν2 −m
2
ν1
m2ν3 −m
2
ν2
=
(7.50 ± 0.20) × 10−5 eV2
(2.32+0.12
−0.08)× 10
−3 eV2
= (3.23+0.14
−0.19)× 10
−2. (7)
It is shown later that our mass matrix model (1) well reproduces the observed values for the
case of normal neutrino mass hierarchy.
Using Eqs.(6) and (7), we draw in Fig. 1 the contour curves in the (x, y) parameter plane
corresponding to the observed values of the MNS mixing parameters (sin2 2θ12, sin
2 2θ23, and
sin2 2θ13) and the neutrino mass squared difference ratio Rν . We find that the parameter set
around (x, y) = (0.725, 3.43) indicated by a star (⋆) in Fig. 1 is consistent with all the observed
values. Namely all the observed three MNS mixing angles and the neutrino mass squared
difference ratio are well reproduced if we take values of x and y as
(x, y) = (0.725, 3.43). (8)
In order to see the sensitivity to x and y, we show x and y dependences of the MNS mixing
parameters sin2 2θ12, sin
2 2θ23, sin
2 2θ12, and 10Rν in Fig. 2 and Fig. 3, respectively. It is found
that 10Rν and sin
2 2θ12 are very sensitive to x and y.
Let us present the predictions from our model. By taking the values for the free parameters
2
x = 0.725 and y = 3.43, we predicts
sin2 2θ12 = 0.881, (9)
sin2 2θ13 = 0.0925, (10)
sin2 2θ23 = 0.983, (11)
Rν = 0.0307, (12)
δν = 155
◦(= 0.863π), (13)
β = 172◦, (14)
γ = 22.7◦ . (15)
This is also consistent with the recent global best fit values [10] except for δν , their best fit
δν = 1.39π and δν in 1σ = (1.12 − 1.72)π.
We can also predict the absolute neutrino masses, for the parameters given by (8), as follows
mν1 ≃ 0.0031 eV, mν2 ≃ 0.0092 eV, mν3 ≃ 0.050 eV, (16)
by using the input value [11] ∆m232 ≃ 0.00241 eV
2. Our model also predicts the effective
Majorana neutrino mass [12] 〈m〉 in the neutrinoless double beta decay as
〈m〉 =
∣∣mν1(Ue1)2 +mν2(Ue2)2 +mν3(Ue3)2
∣∣ ≃ 6.3× 10−3 eV. (17)
In conclusion, we have proposed the phenomenological semi-democratic neutrino mass ma-
trix with only two free parameters. Using this mass matrix we have been able to reproduce all
the neutrino oscillation data consistently and predict three unknown CP violating phases.
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Figure 1: Contour plots in the (x, y) parameter plane for the lepton mixing parameters
sin2 2θ12(dashed), sin
2 2θ23(dotted), sin
2 2θ13(dotdashed), and the neutrino mass squared dif-
ference ratio Rν(solid). Contour curves for the observed (center, upper, and lower) val-
ues given in (6) and (7) are drawn. As for the sin2 2θ23, contour curves for sin
2 2θ23 =
0.95, 0.96, 0.97, 0.98, 0.99 are drawn.
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Figure 2: x dependence of sin2 2θ12, sin
2 2θ23, sin
2 2θ13, and 10Rν . We have drawn curves of
them as functions of x with taking y = 3.43.
Figure 3: y dependence of sin2 2θ12, sin
2 2θ23, sin
2 2θ13, and 10Rν . We have drawn curves of
them as functions of y with taking x = 0.725.
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